where x is an isomorphic vector representation of codewords of X, G is an invertible generator matrix and s is the vector of information symbols chosen from the N-dimensional integer lattice ZN. A Quadrature Amplitude Modulation (QAM) general methods of PAR reduction via approximately cubic shaping. The first method selects the transmitted signal using Hermite Normal Form (HNF) decomposition [3]; the second one takes the idea of integer reversible mapping [4] [5] . Section V provides some simulation results and discussions. Finally, conclusions are drawn in Section VI.
M. The boundary of a signal constellation will determine its average power and PAR values for a given transmitted data rate. The PAR is defined as the ratio of the squareddistance of the farthest point(s) on the i-th complex plane from the origin, where i = 1,2, ...,m, to the average power of points on the i-th complex plane (assuming all points are equally probable). In selecting the signal constellation, one tries to minimize the average power with low PAR. The Mdimensional constellation consisting of all the points enclosed within an M-cube is called cubic shaping, which leads to a PAR value equal to 3 when the constellation size approaches infinity. With the same number of points to be transmitted, the reduction in the transmission power due to the use of a region~M as signal constellation instead of a hypercube is referred to as the shaping gain l1s of~. The region that has the smallest average power for a given volume is an M-sphere. Although the sphere shaping gives the best shaping gain, it also results in high PAR values when M is large. Shaping of multidimensional constellation has been extensively studied previously. For our interest in PAR reduction, we only focus on cubic shaping due to its good PAR value asymptotically equal to 3.
Consider the shaping on a general space-time code X in the form of Abstract-A result of Zheng and Tse states that over a quasistatic channel, there exists a fundamental tradeoff, known as the diversity-multiplexing gain (D-MG) tradeoff. The quest for spacetime codes that achieve D-MG tradeoff has generated numerous works. However, these space-time codes generally result in a pretty high peak to average power ratio (PAR) value on each antenna. In this paper, we propose two general ways to reduce PAR without afTecting code structures and without any side information being transmitted. Therefore, the modified spacetime codes still achieve the D-MG tradeoff. The two methods are both based on constellation shaping. The first method is similar to the method proposed by Kwok except we employ the Hermite Normal Form (HNF) decomposition instead of the Smith Normal Form (SNF); the second one takes the idea of integer reversible mapping. Both techniques lead to an asymptotical PAR value equal to 3 as the constellation size becomes large. Sphere decoding is performed to verify that the proposed PAR reduction methods do not affect the performance of space-time codes.
I. INTRODUCTION
The results in [1] on the diversity-multiplexing gain (D-MG) tradeoff spurred numerous research activities towards the construction of space-time codes achieving the optimal tradeoff When examining these space-time codes, we find that they generally lead to high values of peak-to-average power ratio (PAR) on each antenna. High values of PAR pose difficulties in the design of amplifiers and raise the cost of the transmitter. These practical concerns motivate our study on PAR reduction of space-time codes that achieve D-MG tradeoff. Instead of designing a new space-time code with low PAR [2] , we seek a method that can be applied to general space-time codes, that is, a way to reduce PAR of spacetime codes without affecting code properties, consequently preserving the optimality and without any side information being transmitted. Constellation shaping is therefore a natural candidate which uses a constellation such that the transmitted signals have low PAR values.
The rest of this paper is organized as follows. In Section II, a unified framework of approximately cubic shaping is described. In Section III and Section IV, we propose two 978-1-4244-2644-7/08/$25.00 ©2008 IEEE x = Gs, s E ZN,G E IR NxN (1) constellation is simply a translation of the integer lattice ZN. For example, the codewords of an n x n space-time code X proposed in [6] can be expressed in terms of n vectors x(i), for i = 1,2, ... ,n,
where Z[i] stands for the Gaussian integers (i.e, a +bi, a, b E Z). For each s(i), G(i), we can get an isomorphic representation by separating the real and imaginary parts of s(i) and G (i) as follows,
Re 1m (8) and (7) aei.
Defining U~QZN, we can rewrite (5) in terms of coset s+U
where a = [aI, a2, ...,aN]T E ZN and vi has the properties that
This is exactly the same form as (1) .
Our goal is to select the transmitted signals such that the constellation region is approximately cubic. This is done by the following two steps.
Step 1: Introduce a set of perturbation vectors U such that each u E U is approximately a combination of vi, i = 1... N Approximately cubic shaping can be done by treating Ei's as°( equivalently, the approximation in (8) as equality), then searching for u* E QZN to put x in the approximately cubic constellation.
A geometric interpretation of this shaping method is that we choose s + u* in a shaped constellation whose boundary is a parallelotope defined along the columns of Q. Thus the signal boundary in the domain of x translates to an approximate hypercube. In the following, we will describe the shaping process in three parts: (1) Determine Q (2) Find the coset leaders (3) Put x in an approximate hypercube.
(1) Determine Q: The number of cosets, Idet(Q) I (which will manifest in part (2», must be large enough to support the target number of points we want to transmit. Therefore, let
and (9) Step 2: Let (s + u), vu E U, represent the same information, i.e., they belong to the same coset. For a vector of information symbols s, the transmitted signal has the form G(s+u) = Gs+Gu = s+iĩ s+ (alv l +a 2 v2 + ... +aNvN) (5) where s~Gs, ii~Gu. We will select, among all vectors in U, the vector u* such that the transmitted signal x = G(s + u") falls in an approximately cubic region. The reason that the resultant constellation is not exactly cubic is due to the approximations in (2) , (3), and (4).
III. ApPROXIMATELY CUBIC SHAPING VIA HERMITE NORMAL FORM (HNF) DECOMPOSITION
With the approximations in (2) , (3), and (4), shaping with integer lattices is possible by operating in the domain of s. To make the perturbation vectors u belong to the integer lattice ZN, we first find vi , i = 1,2, ... ,N, in (2). Consider a partition ZN/ A, where the lattice A = QZN, and Q is an N x N integer matrix, such that GQ~aI.
where [] denotes rounding. The set of perturbation vectors U becomes a subset of the integer lattice ZN, and Idet( Q) I is the volume of the parallelotope defined by Q, or equivalently, the number of points in the parallelotope. Since aN is the number of possibly transmitted points, the parameter cr should be chosen to be the smallest value that ensures the number of points in the shaped constellation larger than the number of points in the unshaped constellation. For the case we concern, Q can always be chosen as a nonsingular matrix.
(2) Find the coset leaders: The coset leaders s must satisfy
where Si, si are the coset-leaders of two different cosets Si + QZN, si + QZN, respectively, so there is no ambiguity in demodulation. Consider the simplest case when
Denoting S as the set of coset leaders, it is natural to choose S as S~{s= [Sl,S2, ...,SN]TI O~Si <di, i= 1,2, ... ,N}. (10) then Obviously, the coset-leaders s E S satisfy (9) To show~a~each s E S is a coset leader, we need to prove .
. that for s' s} E S and the number of coset-leaders In S IS det(D) = 6. " For the general case when Q is not a diagonal matrix, [7] and [8] propose to decompose Q into Let rii =1=°be the diagonal elements of R. Then we can form the set of coset-leaders, S as The validity of this set of coset-leaders can be verified by the following theorem.
Theorem 2: Given a matrix Q = RV, the set S defined in (15) contains all the coset leaders ofs+QZN.
where V is unimodular and R is an integer lower triangular matrix. There is a theorem that guarantees the existence of the decomposition of Q = RV, known as the Hermite Normal Form (HNF) [10] . The theorem is stated here for completeness. Theorem 1: Any N x N invertible integer matrix Q can be decomposed into Q = RV, where V is a unimodular matrix and R is an integer lower triangular matrix.
where the second equality follows from the fact that the lattice VZ N is identical to the lattice ZN when V is a unimodular matrix. Thus, Su contains all coset-leaders of Us +QZN.
The SNF decomposition can be performed via column and row operations, which generally have the problem of intermediate expression swell, but one can use modular arithmetic to control expression swell [3] .
After examining the above algorithms, we found that the diagonalization of SNF decomposition is not necessary. Instead, we decompose Q as where U, V are unimodular matrices (Le. integer matrices with Idet(U) I = 1, Idet(V) I = 1). Note that [7] and [8] deal with the PAR of single-antenna orthogonal frequency division multiplexing (OFDM) systems but not space-time coded systems. The matrix D is called the Smith Normal Form (SNF) of the matrix Q [9] . We can first index the coset leaders as (10) , and left-multiply s by U such that Us is the coset leader of Us+ UDZ N • Define Su~{USIO~Si<di ,i=I,2, ... ,N}.
Since U is a unimodular matrix, Su contains all coset leaders of Us + UDZ N , and Us +UDZ N = Us +UD(VZ N )
= US+QZN (13)
Clearly, the total number of transmitted points is aN and we can choose a == 2(M/N). S is then transformed into a shaped constellation SQ triangular matrix, although both schemes have the same order of complexity O(N 2 ) . Moreover, sometimes U may have exceedingly large entries and it is more efficient to only compute R [3] .
IV. ApPROXIMATELY CUBIC SHAPING VIA INTEGER REVERSIBLE MATRIX MAPPING
In practical communication systems, the number of points in the constellation is usually in the form of 2 M • In Section III, we choose Q == [crG-1] to ensure that Q is an integer matrix.
However, Idet(Q) Iis generally not in the form of 2 M due to the rounding operation. This leads to the inconvenience of using large number I in the encoding procedure (18), since it can not be expressed in terms of bits. To avoid this problem, we relax the integer constraints on the entries of Q and consider a nonlinear mapping. Let the unshaped constellation be a hypercube, namely otherwise (25) (26) Its inverse mapping is
Similar results can be obtained for a lower triangular matrix. This kind of triangular matrix is called a triangular ERM (TERM). If all the diagonal elements of a TERM equal to 1, the TERM will be a unit TERM. There is another feasible ERM form known as single-row ERM (SERM) with jm == ± 1 on the diagonal and only one row of off-diagonal elements are not all zeros. The invertible integer mapping of SERM is straightforward:
where m' is the row with nonzero off-diagonal elements. Its inverse operation is
where Q == G -1 and Idet( Q) I is normalized to 1. With this arrangement, the transmitted signal G~has a cubic constellation GSQ =={GQs == s] 0~s; < a}.
The problem of (21) is that Qs~7l N , so it will destroy the code structure. Naturally, one method to try is
for m =1= m' (27) Denote So as a unit SERM with m' == N. It has been shown in [4] that Q has a "PLUS" factorization. Decoding : First, an estimate of s is obtained from the received signal. Then the inverse operations (25), (27) are used on (28) to recover s from s. and s == Qs + e r , where e r is the total error vector. When using (28) to shape the constellation, we effectively choose For a Q ==PLUSo with a denotation of er(i) for the rounding error vector that results from the transform of the i-th ERM, the total error is (23) (24) However, there is a possibility that, for Si, sj E S, To resolve this ambiguity, we choose an integer to integer reversible mapping [4] , through which a unique s is obtained. Furthermore, the shaped constellation will be similar to that using (22).
Firstly we borrow some definitions from [4] . If there exists an elementary reversible structure based on a matrix for perfectly invertible integer implementation, the matrix is called an elementary reversible matrix (ERM). Considering an upper or lower triangular matrix A whose diagonal elements are i. == ± 1, a reversible integer mapping is defined as follows v. SIMULATION RESULTS In this section, we present simulation results for shaping (31) of space-time codes designed in [6] and [13] by using 10 6 randomly generated symbols. Since the signals transmitted by the antennas have similar statistical distributions, the simulation results are presented as the average complementary cumulative density function (CCDF) of the PAR of signals on each antenna i, expressed as follows:
This can be interpreted as the probability that the PAR of a symbol Xi exceeds a certain PAR constraint Pi.
We first look at the 4 x 4 space-time code designed in [13] , which achieves the D-MG tradeoff. Fig. 1 shows the average PAR on 4 antennas using the HNF and PLUS approximately cubic shaping introduced in Section III and Section IV, respectively. The effect of the constellation size is also investigated. When the constellation size is moderate (64 QAM), it is observed that the HNF shaping method results in about 1.3dB larger reduction in the PAR than the PLUS shaping, which provides about 2dB PAR reduction. The HNF shaping puts every transmitted points in an exact parallelotope, which is an approximate hypercube, while the PLUS shaping yields an exact cubic constellation, with few points outside the hypercube. This explains why the PLUS shaping causes some points with relatively high PAR value. As the constellation size becomes large, both methods result in nearly equal reduction and the PAR approaches its optimal value for cubic shaping, namely 101og3 (4.78dB), as illustrated in Fig. 1 . Obviously, Vi satisfies the property (3) when (J is large enough. Thus this method is also an approximately cubic shaping described in Section II. The complexity of (28) is about O (N 2 ) , which is smaller than O(2N 2 ) of (17). Moreover, if there is an efficient algorithm to do the multiplication by Q (for example, when Q is a discrete Fourier transform (DFT) matrix), we can use a structure similar to fast Fourier transform (FFT) to obtain a more efficient algorithm with complexity O (NlogN) [11] . The drawback of this method is the accumulated rounding error. This leads to some signals with relatively high PAR. However, we can expect that the shaped signals have low PAR values with high probability.
Usually it is more convenient and better for shaping to use the complex representation and (1) If det( Q) = ±1 or ± i, we have a simplified factorization,
It is in fact a generalization of the lifting schemes in [12] .
When~et(Q) = e i9 is not equal to ± 1 or ±i, a complex rotation e ,9 can be implemented with the real and imaginary components of a complex number and factorized into three unit TERMs as 1 0) Table I shows the increased average power due to the sin 9 1 inexact cubic shaping. Note that as the constellation size becomes large, the power increment decreases. In Fig. 2 , we investigate the 5 x 5 space-time code given in [6] which also achieves the D-MG tradeoff. As the number of antennas Therefore, Theorem 4 shows that given a nonsingular matrix, increases, a larger PAR reduction is expected. Table II shows we can always derive an integer reversible mapping by a the increased average power due to the inexact cubic shaping factorization, which is what we need for constellation shaping. for the 5 x 5 space-time code. 
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Finally, Fig. 3 presents the frame error probability of systems with 4 or 5 receive antennas and 4 or 5 transmit antennas in quasi-static Rayleigh fading channels. Here, we use the perfect space-time codes in [6] and [13] for 4 x 4 and 5 x 5 channels, respectively. The sphere decoder [14] is used for lattice decoding. The result indicates that the spacetime codes after shaping yield almost indistinguishable error performance from the one without shaping .
VI. CONCLUSION
In this paper, we have proposed two general methods to reduce the PAR of optimal space-time codes asymptotically to the optimum value of 3 with cubic shaping. The two methods are both based on constellation shaping, with one utilizing the Hermite Normal Form decomposition of integer matrices, and the other employing the integer reversible mapping. Compared to the previous works [7] [8] which applied a similar approach (Smith Normal Form) to the single-antenna OFDM systems, the proposed methods have lower complexities. In addition, even though the complexity of the method in [7] can be reduced to the same order O(NlogN) as the proposed integer reversible mapping method by using a Hadamard matrix, this affects the PAR reduction capability and only works for the HNF shaping 5.4% PLUS shaping 4.8% 3.2%
